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Abstract
This paper is devoted to the construction of the Hamiltonian for non-
relativistic string in the Newton-Cartan background. We start with the
Hamiltonian for relativistic string in general background. Then we perform
limiting procedure on the metric that leads to Newton-Cartan background.
We determine constraint structure for non-relativistic string and show that
these constraints are the first class constraints. Then we determine corre-
sponding Lagrangian and discuss its properties.
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1 Introduction
Recently, non-Lorentzian geometry has gained interest in theoretical physics com-
munity from many reasons. Firstly, today it is well known that strong correlated
systems in condensed matter can be successfully described with the help of non-
relativistic holography [1, 2, 3] , for review see for example [4]. This duality is based
on the idea that the strongly coupled theory on the boundary can be described by
string theory in the bulk. Further, when the curvature of the space-time is small
we can use the classical gravity instead of the full string theory machinery. In
case of non-relativistic holography the situation is even more interesting since we
have basically two possibilities: Either we use Einstein metric with non-relativistic
isometries [5, 6, 7] or we introduce non-relativistic gravities in the bulk [8, 9], like
Newton-Cartan gravity [10] 2 or Horˇava gravity [11]. It is also very instructive to
analyze extended objects in Newton-Cartan theory [23, 24] 3. In [23] the action for
non-relativistic string in Newton-Cartan background was proposed that has many
interesting properties. For example, in was argued in [23] that in order to define
correctly an action for non-relativistic string in Newton-Cartan background two lon-
gitudinal directions have to be selected and hence we obtain more general form of
the Newton-Cartan geometry. The canonical analysis of this string was performed
recently in [25]. During this analysis we met an obstacle which was an impossibil-
ity to derive Hamiltonian constraint for the string with non-zero gauge field m aµ
that will be defined in the next section. For that reason we were forced to restrict
to the case of zero gauge field m aµ and then we were able to determine canonical
structure of the non-relativistic string in Newton-Cartan background. In the same
way we proceeded with the case of non-relativistic p-brane. We defined it using
the limiting procedure introduced in [16]. We again found corresponding action for
non-relativistic p-brane in Newton-Cartan background and determined canonical
structure for this theory on condition that the gauge field m aµ is zero.
The fact that in our previous work we considered the situation when the gauge
field m aµ vanishes is rather unsatisfactory since this field is crucial for the invariance
of the theory under Milne boost. It would be nice to develop full canonical formalism
where this field is non-zero. We suggested in the conclusion of our previous paper
[25] that one way how to proceed is to start with the Hamiltonian for the string in
general background and then perform the limiting procedure when we generalize the
approach introduced in [16] to the case of two longitudinal directions. Exactly this is
the goal of our paper. We start with the Hamiltonian for relativistic string in general
background, introduce relativistic vierbeins and NSNS two form that are functions
of fields that define Newton-Cartan background. These fields also depend on the
free parameter that goes to infinity when we define Newton-Cartan gravity [16]. As
a result we will be able to find corresponding Hamiltonian for the string in Newton-
Cartan background. However this is not certainly the end of the story since we have
to perform consistency checks of this proposal. Explicitly, we have to show that
2For some recent works, see [12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 12, 22, 28, 29, 30].
3For the analysis of point particles in this background, see [26, 27].
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constraints, that define this theory, are the first class constraints. It turns out that
this is a non-trivial task due to the complicated form of the Hamiltonian. Secondly,
we would like to find Lagrangian for this non-relativistic string and investigate how it
is related to the Lagrangian density proposed in [23]. To do this we carefully examine
an invariance of the Hamiltonian constraint under generalized Milne boost. We show
that the Hamiltonian constraint can be rewritten with the help of variables that are
manifestly invariant under Milne transformation so that Hamiltonian is invariant
too. Then we can proceed to the analysis of corresponding Lagrangian. As a warm
up we consider the case of the non-relativistic string in flat background. We show
that there is a crucial difference between inverse Legendre transformation in case of
the relativistic string and non-relativistic one. Explicitly, we show that in case of
non-relativistic string the Lagrange multipliers corresponding to Hamiltonian and
spatial diffeomorphism constraints are determined by projections of the equations
of motion for xµ to longitudinal directions instead of their equations of motion.
Then we will be able to find Lagrangian that agrees with the Lagrangian found in
[23]. Further we proceed to the most general case of the non-relativistic string in
Newton-Cartan background where the analysis is much more complicated. Despite
of this fact we find Lagrangian form of the non-relativistic string in Newton-Cartan
background which is manifestly diffeomorphism invariant and which agrees with the
Lagrangian density proposed in [23].
This paper is organized as follows. In the next section (2) we introduce canonical
form of the relativistic string action and perform limiting procedure that leads to
the Hamiltonian for non-relativistic string in Newton-Cartan background and de-
termine Poisson algebra of constraints. In section (3) we find the Lagrangian for
non-relativistic string in Newton-Cartan background. Finally in conclusion (4) we
outline our results and suggest possible extension of this work.
2 Canonical Formulation of Non-relativistic String
in Newton-Cartan Background
We start with the Nambu-Gotto form of the action for relativistic string in general
background
S = −τ˜F
∫
dτdσ
√
− det(E Aµ E Bν ηAB∂αxµ∂βxν) + τ˜F
∫
dτdσBµν∂τx
µ∂σx
ν , (1)
where E Aµ is d−dimensional vierbein so that the metric components have the form
Gµν = E
A
µ E
B
ν ηAB , ηAB = diag(−1, . . . , 1) . (2)
Note that the metric inverse Gµν is defined with the help of the inverse vierbein EµB
that obeys the relation
E Aµ E
µ
B = δ
A
B , E
A
µ E
ν
A = δ
µ
ν . (3)
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Further, Bµν is NSNS two form field. Finally x
µ , µ = 0, . . . , d − 1 are embedding
coordinates of the string where the two dimensional world-sheet is parameterized
by σα ≡ (τ, σ) and τ˜F is the string tension that could be eventually rescaled when
we define non-relativistic string.
Our goal is to find Hamiltonian non-relativistic string in Newton-Cartan back-
ground with the help of the following procedure. As the first step we determine
Hamiltonian from the action (1). Explicitly, from (1) we find following conjugate
momenta
pµ = −τ˜FE Aµ E Bν ηAB∂βxνgβτ
√
− det gαβ + τ˜FBµν∂σxν , (4)
where
gαβ ≡ Gµν∂αxµ∂βxν , gαβgβγ = δαγ . (5)
Using (4) we immediately find that the bare Hamiltonian HB =
∫
dσ(pµ∂τx
µ − L)
is zero while we have following two primary constraints
Hτ ≡ (pµ − τ˜FBµρ∂σxρ)EµAEνBηAB(pν − τ˜FBνσ∂σxσ) +
+ τ˜ 2F∂σx
µE Aµ ηABE
B
ν ∂σx
ν ≈ 0 , Hσ ≡ pµ∂σxµ ≈ 0 .
(6)
Now we are ready to find Hamiltonian for the string in Newton-Cartan back-
ground with the help of the non-relativistic limit of relativistic vierbein E Aµ [16].
However as we argued in our recent paper [25] in order to find correct non-relativistic
limit we have to introduce the generalization of Newton-Cartan gravity following
[23]. Explicitly, we split target-space indices A into A = (a′, a) where now a = 0, 1
and a′ = 2, . . . , d− 1. Then we introduce τ aµ so that we write
τµν = τ
a
µ τ
b
ν ηab , a, b = 0, 1 . (7)
In the same way we introduce vierbein e a
′
µ , a
′ = 2, . . . , d − 1 and also introduce
gauge field m aµ . The τ
a
µ can be interpreted as the gauge fields of the longitudinal
translations while e a
′
µ as the gauge fields of the transverse translations [23]. Then
we can also introduce their inverses with respect to their longitudinal and transverse
translations
e a
′
µ e
µ
b′ = δ
a′
b′ , e
a′
µ e
ν
a′ = δ
ν
µ − τ aµ τ νa , τµaτ bµ = δba , τµae a
′
µ = 0 , τ
a
µ e
µ
a′ = 0 .
(8)
Now we are ready to introduce following parameterization of the vierbein E Aµ [16]
E aµ = ωτ
a
µ +
1
2ω
m aµ , E
a′
µ = e
a′
µ , (9)
where ω is a free parameter that we take to infinity when we define non-relativistic
limit. Note that the inverse vierbein to (9) has the form (up to terms of order ω−3)
Eµa =
1
ω
τµa −
1
2ω3
τ
µ
bm
b
ρ τ
ρ
a , E
µ
a′ = e
µ
a′ −
1
2ω2
τµam
a
ρ e
ρ
a′ . (10)
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Then with the help of (9) and (10) we obtain following form of the metric Gµν and
its inverse
Gµν = E
a
µ E
b
ν ηab + E
a′
µ E
b′
ν δa′b′ =
= ω2τµν + hµν +
1
2
τ aµ m
b
ν ηab +
1
2
m aµ τ
b
ν ηab +
1
4ω2
m aµ m
b
ν ηab ,
Gµν = EµaE
ν
bη
ab + Eµa′E
ν
b′δ
a′b′ =
=
1
ω2
τµν + hµν − 1
2ω2
(τ νbm
b
ρ h
ρµ + τµbm
b
ρ h
ρν)−
− 1
2ω4
(τµcm
c
ρτ
ρν + τ νdm
d
ρτ
ρµ) +
1
4ω4
τµam
a
ρ h
ρστ νbm
b
σ +O(ω
−6) ,
(11)
where
hµν = eµa′e
ν
b′δ
a′b′ , hµν = e
a′
µ e
b′
ν δa′b′ , τ
µν = τµaτ
ν
bη
ab . (12)
As the next step we have to introduce an appropriate parameterization of NSNS
two form. We suggested in [25] that it is natural to consider following form of NSNS
two form
Bµν =
(
ωτ aµ −
1
2ω
m aµ
)(
ωτ bν −
1
2ω
m bν
)
ǫab =
= ω2τ aµ τ
b
ν ǫab −
1
2
(
m aµ τ
b
ν + τ
a
µ m
b
ν
)
ǫab +
1
4ω2
m aµ m
b
ν ǫab ,
(13)
where
ǫab = −ǫba , ǫ01 = 1 .
With the help of this definition we easily find
1
ω2
τ˜ 2FBµσ∂σx
στµνBνρ∂σx
ρ = −ω2τ˜ 2F τµν∂σxµ∂σxν
(14)
and we see that this divergent contribution to the Hamiltonian constraint
1
ω2
τ˜ 2FBµσ∂σx
στµνBνω∂σx
ω + τ˜ 2Fω
2∂σx
µτµν∂σx
ν (15)
vanishes. Then we obtain that the Hamiltonian constraint has the form in the limit
ω →∞
Hτ = pµhµνpν − 2τFpµτµaηabǫbcτ cρ ∂σxρ + 2τFpµhµρm bρ ǫbdτ dρ ∂σxρ +
+ 2τ 2F∂σx
µτ cµ ǫcdτ
ν
eη
edm aν τ
b
ρ ǫab∂σx
ρ + 2τ 2F∂σx
µτ aµ ηabm
b
ν ∂σx
ν −
− τ 2F∂σxστ bσ ǫbam aµ hµνm cν ǫcdτ dρ ∂σxρ + τ 2F∂σxµhµν∂σxν
≡ pµhµνpν + pµV µ + τ 2F∂σxµH¯µν∂σxν , V µ = V µν∂σxν ,
(16)
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where we identify τ˜F with τF since as follows from the analysis above it is not
necessary to rescale τF in order to have finite Hamiltonian in the limit ω →∞.
We see that this form of the Hamiltonian constraint is rather complicated. For
that reason it is necessary to check whether it defines consistent theory. Especially
we would like to see whether Hamiltonian and spatial diffeomorphism constraints
are the first class constraints. To do this we calculate Poisson algebra of constraints.
As usually we introduce smeared form of these constraints
Tτ (N) =
∫
dσNHτ , Tσ(Nσ) =
∫
dσNσHσ
(17)
and we easily find
{Tσ(Nσ),Tσ(Mσ)} =
∫
dσ(Nσ∂σM
σ −Nσ∂σMσ)pµ∂σxµ = Tσ(Nσ∂σMσ −Nσ∂σMσ) .
(18)
In case of the calculation of the Poisson brackets of two Hamiltonian constraints the
situation is more involved since the explicit calculation gives
{Tτ (N),Tτ (M)} =
∫
dσ(N∂σM −M∂σN)2τ 2F (pµhµνH¯νρ∂σxρ + ∂σxρH¯ρµhµνpν) +
− 2
∫
dστF (N∂σM −M∂σN)pµV µνhνωpω +
+
∫
dσ(N∂σM −M∂σN)pρV ρσV σω∂σxω +
− τ 2F
∫
dσ(N∂σM −M∂σN)(V µν∂σxνH¯µρ∂σxρ + ∂σxρH¯ρµV µν∂σxν) .
(19)
To proceed further we calculate
2pµh
µνH¯νρ∂σx
ρ + 2∂σx
ρH¯ρµh
µνpν =
= 4τ 2Fpµh
µνhνρ∂σx
ρ + 4τ 2F∂σx
µτ aµ ηabm
b
ν h
νρpρ ,
pρV
ρ
µV
µ
ν∂σx
ν = 4τ 2Fpµτ
µντνρ∂σx
ρ − 4τ 2Fpµhµνm aν τ bρ ηab∂σxρ ,
V µν∂σx
νH¯µρ∂σx
ρ + ∂σx
ρH¯ρµV
µ
ν∂σx
ν = 0 , pµV
µ
νh
νωpω = 0 .
(20)
Collecting these results together we finally obtain
{Tτ (N),Tτ (M)} = Tσ((N∂σM −M∂σN)4τ 2F ) (21)
which is the correct form of the Poisson bracket between Hamiltonian constraints.
Finally we calculate the Poisson bracket
{Tσ(Nσ),Tτ(M)} . (22)
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Since
{Tσ(Nσ), xµ} = −Nσ∂σxµ , {Tσ(Nσ), pµ} = −∂σNσpµ −Nσ∂σpµ
(23)
we easily find
{Tσ(Nσ),Hτ} = −2∂σNσHτ −Nσ∂σHτ (24)
or alternatively
{Tσ(Nσ),Tτ(M)} = Tσ(Nσ∂σM − ∂σNσM) . (25)
We see that all Poisson brackets (18),(21) and (25) vanish on the constraint surface
Hτ ≈ 0,Hσ ≈ 0 and hence they are the first class constraints and the non-relativistic
string is well defined system from the canonical point of view.
3 Lagrangian Form
In this section we focus on the Lagrangian formulation of the proposed Hamiltonian
form of non-relativistic string in Newton-Cartan background. Recall that this string
is defined with the Hamiltonian constraint (16) and the spatial diffeomorphism
constraint Hσ ≈ 0. In order to understand subtle points in the transformation from
the Hamiltonian to Lagrangian description of this system we firstly start with the
simpler problem of non-relativistic string in the flat background.
3.1 Flat space-time limit
The non-relativistic string in the flat background has following Hamiltonian
H =
∫
dσ(λτHτ + λσHσ) , (26)
where
Hτ = −2τFpaηabebc∂σxc + pihijpj + τ 2Fhij∂σxi∂σxj , Hσ = pi∂σxi + pa∂σxa , (27)
where a, b, c, · · · = 0, 1 and where hij = δij , hij = δij , i, j, · · · = 2, . . . , d−1. Our goal
is to find Lagrangian formulation of the non-relativistic string in flat background.
With the help of the Hamiltonian (26) we obtain following equations of motion for
x0, x1 and xi
∂τx
0 =
{
x0, H
}
= −2τFλτ∂σx1 + λσ∂σx0 ,
∂τx
1 =
{
x1, H
}
= −2τFλτ∂σx0 + λσ∂σx1 ,
∂τx
i =
{
xi, H
}
= 2λτhijpj + λ
σ∂σx
i .
(28)
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Then it is easy to find corresponding Lagrangian density
L = pa∂τxa + pi∂τxi −L = λτpihijpj − λτ∂σxi∂σxjhij =
=
1
4λτ
(∂τx
i − λσ∂σxi)hij(∂τxj − λσ∂σxj)− λττ 2Fhij∂σxi∂σxj .
(29)
We see that this Lagrangian does not depend on the variables xa which is confusing
since if we perform inverse Legendre transformation from (29) and determine cor-
responding Hamiltonian we will find that it does not depend on pa. We can resolve
this problem when we closely examine equations of motion for x0 and x1. We firstly
consider the first equation in (28) and multiply it with ∂σx
0 while we multiply the
second one with ∂σx
1. Then if we take their difference we obtain
− ∂τx0∂σx0 + ∂τx1∂σx1 = λσ(∂σx1∂σx1 − ∂σx0∂σx0) (30)
that can be solved for λσ as
λσ =
aτσ
aσσ
, aαβ = ∂αx
a∂βx
bηab .
On the other hand from the equations of motion for x0 and x1 we obtain
(∂τx
0 − λσ∂σx0)2 = 4(λτ )2∂σx1∂σx1 , (∂τx1 − λσ∂σx1)2 = 4(λτ )2∂σx0∂σx0
(31)
that implies
− aττ + 2λσaστ − (λσ)2aσσ = 4(λτ )2aσστ 2F . (32)
Inserting (31) into this equation we find that λτ is equal to
λτ =
√− det aαβ
2τFaσσ
. (33)
Then if we combine (31) together with (33) we get
1
λτ
= −2τFaττ
√− det a , 2λ
σ
λτ
= 4τFa
τσ
√− det a ,
(λσ)2
4(λτ )2
− λττ 2F = −τFaσσ
√− det a . (34)
Finally inserting (34) into (29) we obtain
L = −τF
2
√− det aaαβhαβ
(35)
which has exactly the same form as the Lagrangian density that was derived in [23].
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3.2 Lagrangian for String in Newton-Cartan Background
Now we proceed to the case of non-relativistic string in Newton-Cartan background.
As the first step we formulate the Hamiltonian constraint with the help of the
variables that reflect an invariance of the theory under generalized Galilean boosts
that have the form [23]
δe a
′
µ = τ
a
µ λ
a′
a , δτ
µ
a = e
µ
a′λ
a′
a , δm
a
µ = e
a′
µ λ
a
a′ , (36)
where λ a
′
a are parameters that obey following relations
ηacλ
c
a′ + δa′b′λ
b′
a = 0 , λ
c
a′ηca + λ
b′
a δb′a′ = 0 ,
λ aa′ + λ
a
a′ = 0 , λ
a′
a + λ
a′
a = 0 .
(37)
Now we define boost invariant temporary vierbein as τˆµa
τˆµa = τ
µ
a − hµνm bν ηba . (38)
This is invariant under (36) since
δτˆ aµ = e
µ
a′λ
a′
a − eµc′δc
′b′λ bb′ ηba = e
µ
a′λ
a′
a + e
µ
a′λ
a′
a = 0 , (39)
where in the last step we used (37). With the help of τˆ aµ we can rewrite V
µ into
manifestly invariant form
V µ = V µν∂σx
ν , V µν = −2τF τˆµaǫabτˆσbτσν = V µστσν ,
(40)
where ǫab ≡ ηacηbdǫcd and where V µν = −V νµ. Let us now analyze in more details
the object H¯µν . After some calculations we obtain that it can be rewritten into the
form
H¯µν = −τ 2F τ cµ ǫcdΦdaǫabτ bν + τ 2F h¯µν ,
h¯µν = hµν +m
a
µ τ
b
ν ηab + τ
a
µ m
b
ν ηab ,
Φab = −τµdηdam bµ −m aµ τµdηdb +m aµ hµνm bν .
(41)
An important property of (41) is that it is written with the help of the objects that
are invariant under (36). To see this let us firstly consider variation of h¯µν
δh¯µν = τ
a
µ λ
a′
a δa′b′e
b′
ν + e
a′
µ δa′b′τ
b
ν λ
b′
b +
+e a
′
µ λ
a
a′ τ
b
ν ηab + τ
a
µ ηabe
b′
ν λ
b
b′ = 0 ,
(42)
where we used (37). Finally we consider the variation of Φab = Φba. Note that
the matrix Φab can be interpreted as the matrix of Newton-potential in generalized
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Newton-Cartan gravity which is now matrix valued as opposite to the scalar form of
Φ in ordinary Newton-Cartan gravity. On the other hand it is still invariant under
(36) since
δΦab = −eµa′λa
′
cm
b
µ η
ca −m aµ eµa′λa
′
dη
db + eνd′δ
c′a′λ aa′ m
b
ν +m
a
µ e
µ
c′δ
c′b′λ bb′ =
= −eµa′λa
′
cm
b
µ η
ca −m aµ eµa′λa
′
dη
db − eνc′δc
′a′λaa′m
b
ν −m aµ eµc′δc
′b′λbb′ =
= −eµa′λa
′
cm
b
µ η
ca −m aµ eµa′λa
′
dη
db + eµc′λ
c′
cη
cam bµ +m
a
µ e
µ
c′λ
c′
cη
cb = 0 ,
(43)
where in the first step we used the relation λ aa′ = −λaa′ and in the last step we used
the fact that
λc
′
bη
ba + λcb′δ
b′c′ = 0 . (44)
It is also instructive to elaborate more about an expression that contain the potential
Φab. We find that after some calculations it can be rewritten into the form
− τ 2F∂σxµτ cµ ǫcdΦdaǫabτ bν∂σxν =
= τ 2F∂σx
µτ cµ ηcaΦ
abηbdτ
d
ν ∂σx
ν − τ 2FaσσΦabηba
(45)
so that we finally obtain manifestly invariant Hamiltonian in the form
H =
∫
dσ(λτHτ + λσHσ) , Hσ = pµ∂σxµ ,
Hτ = pµhµνpν − 2pµτF τˆµaǫabτˆσbτσν∂σxν +
+τ 2F τ
cηcaΦ
abηbdτ
d − τ 2FaσσΦabηba + τ 2F h¯σσ ,
(46)
where τa = ∂σx
µτ aµ , h¯σσ = ∂σx
µh¯µν∂σx
ν and where λτ and λσ are corresponding
Lagrange multipliers.
Before we proceed to the Lagrangian formulation of the theory let us introduce
vierbein eˆ a
′
µ defined as
eˆ a
′
µ = e
a′
µ +m
a
ν e
ν
c′δ
c′a′τ bµ ηba , (47)
that is again invariant under (36)
δeˆ a
′
µ = τ
a
µ λ
a′
a + λ
a
c′ δ
c′a′τ bµ ηba =
= τ aµ λ
a′
a − λ b
′
b δb′c′δ
c′a′τ bµ = 0 .
(48)
Note that we have following useful identity
τˆµaeˆ
a′
µ = 0 (49)
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and also
eˆ a
′
µ e
µ
b′ = δ
a′
b′ , eˆ
a′
µ h
µν = eνc′δ
c′a′ . (50)
Now we are ready to proceed to the Lagrangian formulation of the theory. We begin
with the canonical equations of motion for xµ that follow from the Hamiltonian (46)
∂τx
µ = λτ (2hµνpν + V
µ) + λσ∂σx
ν . (51)
Let us now multiply this equation with eˆ a
′
µ . Using the fact that eˆ
a′
µ τˆ
µ
b′ = 0 we find
that eˆ a
′
µ V
µ = 0 and from (51) we obtain
eˆ a
′
µ ∂τx
µ = 2λτeµc′δ
c′a′pµ + λ
σeˆ a
′
µ ∂σx
µ (52)
and consequently
(∂τx
µ − λσ∂σxµ)eˆ a′µ δa′b′ eˆ b
′
ν (∂τx
ν − λσ∂σxν) = 4(λτ )2pµhµνpν .
(53)
With the help of this result we easily find the Lagrangian density in the form
L = pµ∂τxµ − λτHτ − λσHσ =
=
1
4λτ
(∂τx
µ − λσ∂σxµ)eˆ a′µ δa′b′ eˆ b
′
ν (∂τx
ν − λσ∂σxν)− τ 2FλτH¯σσ .
(54)
To proceed further we observe that (51) implies
eˆ a
′
µ δa′b′ eˆ
b′
ν = h¯µν + τ
c
µ ηcaΦ
abηbdτ
d
ν ,
(55)
where we also used
e a
′
µ e
ν
a′ = δ
ν
µ − τ aµ τ νa . (56)
Then we can rewrite the Lagrangian density (54) into the form
L = 1
4λτ
(h¯ττ − 2λσh¯στ + (λσ)2h¯σσ +
+ ∂τx
µτ cµ ηcaΦ
abηbdτ
d
ν ∂τx
ν − 2λσ∂τxµτ cµ ηcaΦabηbdτ dν ∂σxν + (λσ)2∂σxµτ cµ ηcaΦabηbdτ dν ∂σxν)−
− λττ 2F∂σxµτ cµ ηcaΦabηbdτ dν ∂σxν + λττ 2FaσσΦabηba − λττ 2F h¯σσ ,
(57)
where h¯αβ = h¯µν∂αx
µ∂βx
ν .
Finally we eliminate λτ and λσ from (57). As in case of the flat space-time limit
their form is not determined by their equations of motion. Instead they can be
determined using the equations of motion for xµ. In fact, if we multiply (51) by τµν
and use the fact that τµνh
νρ = 0 we obtain
τµν(∂τx
ν − λσ∂σxν)− λττµνV ν = 0 . (58)
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We can multiply this equation with ∂σx
µ and we obtain
λσ =
aστ
aσσ
, aαβ = ∂αx
µτµν∂βx
ν (59)
using the fact that
∂σx
µτµνV
ν = 2τF∂σx
µτ aµ ǫabτ
b
ν ∂σx
ν = 0 . (60)
In the similar way we obtain
(∂τx
µ − λσ∂σxµ)τµν(∂τxν − λσ∂σxν) = (λτ)2V µτµνV ν
(61)
that can be solved for λτ as
λτ =
√− det aαβ√−V µτµνV ν√aσσ ,
where
V µτµνV
ν = −4τ 2Faσσ .
(62)
Now we see that we can proceed as in the case of the non-relativistic string in flat
space-time and we obtain the final result
L = −τF
2
√− det a (aαβ h¯αβ + aαβ∂αxµτ cµ ηcaΦabηbdτ dν ∂βxν − Φabηba)
(63)
We see that this Lagrangian density almost coincides with the Lagrangian density
found [23] up to terms that contain matrix valued Newton potential Φab. Now we
are going to argue that these terms cancel each other. In fact, note that aαβ is
defined as
aαβ = τ
a
α τ
b
β ηab , (64)
where τ aα ≡ ∂αxµτ aµ is 2 × 2 matrix. Since ταβ is non-singular so that τ aα is non-
singular as well due to the fact that
det aαβ = (det τ
a
α )
2 det ηab = −(det τ aα )2 6= 0 . (65)
Then we can introduce an inverse matrix τβa that obeys the relation
ταaτ
b
α = δ
b
a . (66)
As a result we can define aαβ as
aαβ = ταaτ
β
bη
ab (67)
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that obeys
aαβτ aβ = τ
α
cη
ca , (68)
and hence
aαβτ bβ τ
a
α = τ
b
β τ
β
cη
ca = ηba . (69)
With the help of these results we can manipulate with the second term in (63) as
−τF
2
√− det aaαβτ aα Φabτ bβ = −
τF
2
√− det aηabΦba
(70)
and we see that it exactly cancels the last term in (63). As a result we derive the
Lagrangian density in the final form
L = −T
2
√
− det aaαβ h¯αβ (71)
which is Lagrangian density proposed in [23]. This result again confirms validity of
our approach.
4 Conclusion
Let us outline our results and suggest possible extension of this work. We found
Hamiltonian for non-relativistic string in Newton-Cartan background from the Hamil-
tonian of relativistic string in general background when we used the limiting pro-
cedure introduced in [16]. The corresponding Hamiltonian is linear combination
of two constraints and we checked that they are the first class constraints which
is a consequence of diffeomorphism invariance of world-sheet theory. We also in-
troduced variables that are invariant under Milne boost and we showed that the
Hamiltonian constraint is invariant under this transformation too. Finally we found
Lagrangian formulation of the non-relativistic string in Newton-Cartan background
that agrees with the Lagrangian density proposed in [23]. We mean that this is very
nice consistency check of our result.
This paper can be extended in different directions. It would be possible to
perform similar analysis in the case of non-relativistic p-brane in Newton-Cartan
background. Secondly, we could also extend this analysis to the case of superstring.
We hope to return to some of these problems in future.
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